Abstract. For m, n ∈ N, let fm,n(x) = ψ (n) (x)+ˆψ (m) (x)˜2 for x > 0. In the present paper, we prove that f 1,2 (x) is the only nontrivial completely monotonic function on (0, ∞). Accurately, the functions f 1,2 (x) and f m,2n−1 (x) are completely monotonic on (0, ∞), but the functions f m,2n (x) for (m, n) = (1, 1) are not monotonic and does not keep the same sign on (0, ∞).
Introduction
Recall [13, Chapter XIII] and [26, Chapter IV] that a function f is said to be completely monotonic on an interval I if f has derivatives of all orders on I and 
converges for x ∈ [0, ∞). This expresses that a completely monotonic function f on [0, ∞) is a Laplace transform of the measure α. It is general knowledge that the classical Euler gamma function
the psi function ψ(x) =
Γ(x) , and the polygamma functions ψ (i) (x) for i ∈ N are a series of important special functions, since they have much extensive applications in many branches such as statistics, probability, number theory, theory of 0-1 matrices, graph theory, combinatorics, physics, engineering, and other mathematical sciences.
In order to show that the double inequality (n − 1)! exp α x − nψ(x) < ψ (n) (x) < (n − 1)! exp β x − nψ(x)
holds for x > 0 if and only if α ≤ −n and β ≥ 0, by a recourse to
in [10, p. 860, Theorem 4] and
a special cases of [2, Theorem 9] , for x > 0, it was established in the proof of [3, Theorem 4.8] that
for x > 0, where
From (7), the inequality
for x > 0 was deduced and used in the proof of [5, Theorem 2.1] to present a double inequality
with α = 1 and β = In [7, Theorem 2.1] , in order to prove that the inequality
holds for x ≥ 2, the inequality (9) was recovered in [7, Lemma 1.1] elegantly. In [20] , the inequality (9) was employed to give a simple proof for the increasing property of the function
on (0, ∞).
In [6, Remark 1.3] , it was pointed out that the inequality (9) is a special case of [6, Lemma 1.2] which reads that the inequality
holds for x > 0 and n ∈ N. In [4, Theorem 4.3] , the inequality (9) was applied to supply a sharp and generalized version of (10): For 0 < a < b ≤ ∞ and x ∈ (a, b), the inequality (10) is valid with the best possible constant factors
where
In [4, Lemma 4.6] and [4, Theorem 4.8] , the inequalities (9) and (10) were generalized to q-analogues respectively.
In [23, Theorem 2], the inequality (9) was utilized to show that the function e ψ(x+1) − x is strictly decreasing and strictly convex on (−1, ∞).
In [22] , it was proved that the function
is completely monotonic on (0, ∞) if and only if λ ≤ 1. In [9, Theorem 1], it was proved that the function
on (−α, ∞) for real numbers s and t and α = min{s, t} is either convex and decreasing for |t − s| < 1 or concave and increasing for |t − s| > 1. In order to provide an alternative proof for [9, Theorem 1], the function
for |t − s| < 1 and −∆ s,t (x) for |t − s| > 1 are proved in [15, 17, 19, 24] to be completely monotonic on (−α, ∞).
Using the complete monotonicity of the function (18), the inequality (10) and [4, Theorem 4.3] mentioned on page 2 were generalized in [19, Theorem 5 ] to a monotonic property as follows: For real numbers s and t, α = min{s, t} and c ∈ (−α, ∞), let
on (−α, ∞) is decreasing for |s − t| < 1 and increasing for |s − t| > 1. For real numbers s, t, α = min{s, t} and λ, define
on (−α, ∞). It is clear that ∆ s,t;λ (x) = ∆ s,t (x) and ∆ s,t;λ (x) = ∆ t,s;λ (x). In [21] , the following necessary and sufficient conditions were presented for the functions ∆ s,t;λ (x) and −∆ s,t;λ (x) to be completely monotonic on (−α, ∞): These results generalize the general claim in the proof of [12] . For detailed information, please see related contents remarked in [16] . For m, n ∈ N, let
The aim of this paper is to demonstrate that f 1,2 (x) is the only nontrivial completely monotonic function on (0, ∞). Our main results are stated as follows. 
Proof of Theorem 1
The following formulas are listed in [1] : For r > 0, x > 0 and n ∈ N, we have
For n > m ≥ 1, direct calculation and utilization of the above three formulas gives
where k is any given integer and ω(t) is increasing on (0, ∞) with the limits (2), and a fact that a product of finite complete monotonic functions is also completely monotonic, it follows that (1) if n = 2i − 1 for i ∈ N, the function
is completely monotonic on (0, ∞); (2) if n = 2i for i ∈ N, the quantity
which implies that the function
is completely monotonic on (0, ∞) for i = m = 1 or 2i − 1 < m; (3) if i ≥ 2 and 2i − 1 ≥ m, then the function f m,2i (x) − f m,2i (x + 1) is not completely monotonic on (0, ∞). If the function f m,n (x) − f m,n (x + 1) is completely monotonic on (0, ∞), then
m,n (x + 1) ≥ 0 which can be rewritten as
m,n (x + i) → 0 as i → ∞, where ℓ ≥ 0. Thus, the function f m,n (x) is also completely monotonic on (0, ∞). As a result, the functions f m,2i−1 (x) for 2i − 1 > m, f 1,2 (x), and f m,2i (x) for 2i − 1 < m and 2i > m are completely monotonic on (0, ∞). In a word, the functions f 1,2 (x) and f m,2i−1 (x) for 2i−1 > m are completely monotonic on (0, ∞).
The formula (24) shows that the functions (−1) m+1 ψ (m) (x) and ψ (2n−1) (x) for m, n ∈ N are completely monotonic on (0, ∞), so the function
for m, n ∈ N, the result of a square and an additive operation of completely monotonic functions, is completely monotonic on (0, ∞).
In [ 
for i ≥ 0, if and only if α ≥ 1, so is its negative, i.e., the inequality (26) x x−α was proved to be logarithmically completely monotonic on (0, ∞), i.e.,
for k ∈ N, if and only if α ≥ 1, so is its reciprocal, i.e., the inequality (27) is reversed, if and only if α ≤ 1 2 . Considering the fact [25, p. 82 ] that a completely monotonic function which is non-identically zero cannot vanish at any point on (0, ∞) and rearranging either (26) or (27) leads to the double inequalities: For x ∈ (0, ∞) and k ∈ N,
and
Using the inequality (29) in the equation
2x 2m+2n+3 q m,n (x) 2x 2m+2n+3 . If m > n, then the powers of x in q m,n (x) have the relations 2m + 2 > 2n + 2 > 2n + 1 > 2n and 2m + 2 > 2m + 1,
so the function q m,n (x) tends to ∞ as x → ∞, and so f ′ m,2n (x) is positive when x is large enough, that is, the function f m,2n (x) is increasing on some infinite interval whose left end point is large enough. If m < n, then the powers of x in q m,n (x) have the relations 2m + 1 < 2n < 2n + 1 < 2n + 2 and 2m + 1 < 2m + 2,
thus the function q m,n (x) tends to 0 + as x → 0 + , and so f From (2m)! − (m − 1)!m! ≥ 1, it follows as above that the function f m,2m (x) is increasing on some infinite interval whose left end point is large enough. In a word, the function f m,2n (x) is not decreasing on (0, ∞). Now consider the function p m,n (x). If m > n, then the relations in (30) still holds and the quantity 2n is the smallest power of x in the polynomial p m,n (x); and so, by the similar argument as above, the function p m,n (x) is negative and the function f m,2n (x) is decreasing on some interval whose left end point is 0. If m < n, the relations in (31) is also valid and the number 2n + 2 is the greatest power of x in the polynomial p m,n (x), consequently the function p m,n (x) is negative and the function f m,2n (x) is decreasing on some infinite interval whose left end point is large enough. If m = n, then Therefore, the function p m,m (x) is negative and the function f m,2m (x) is decreasing on some interval whose left end point is 0. In a word, the function f m,2n (x) is not increasing on (0, ∞).
In conclusion, the functions f m,2n (x) for (m, n) = (1, 1) are not monotonic on (0, ∞).
By the same argument as discussing the sign of f ′ m,2n (x) above, we can also turn out that the function f m,2n (x) for (m, n) = (1, 1) does not keep the same sign on (0, ∞). For the sake of shortening the length of this paper, we omit the detailed reasoning. The proof of Theorem 1 is complete.
